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o K, a local field of residual characteristic p
@ K®°P, a separable closure of K
e G = Gal(K*P/K)



Structure of G
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Local monodromy of /-adic representations

£ £ p, a prime;  Qy-representations of G

The ¢-adic monodromy theorem (Grothendieck)

Every ¢-adic representation p: G — GL(V/) has the following
properties:

© The restriction of p to an open subgroup of / is unipotent.
@ The image p(/°F) is finite.

In effect:
o p(I°) ={1}
o the group //1°" =], Zy(1) acts through Z(1)
e the action of Z(1) = G,(Z,) is algebraic



Weil-Deligne representations

W C G, the Weil group, preimage of Z C 7 = Gal(l?/k).
® € W a Frobenius element; t € Zy(1) a generator ~» x¢: | — Zy

WD: V s (V, N)
o N: V(1) = V, p(g) =exp(xe(g)N), g€l small
® WD(p): ®"g — p(¢"g) exp(—x:(g)N)

Theorem (Deligne)

The functor WD is an equivalence of categories of
@ /-adic representations of G,

@ Weil-Deligne representations in (Q,-vector spaces.




X — Spec K proper smooth

@ /-independence conjecture:
WD(H'(X,Q;)) ®g, C is independent of ¢.

Known for abelian varieties and some other classes.

@ Weight-monodromy conjecture:

The weight filtration on H’.(Y, Q) can be reconstructed from
the monodromy operator.



F-representations

From now on: the characteristic of K is equal to p.
Instead of @y work with F, a local field of characteristic p.
E a Drinfeld module over Spec K ~ V,E

Everything breaks down!
@ The image of /9% is typically infinite.

@ The group /%% is a free pro-p-group on countably many
generators ~» An F-representation of /°T is an essentially
arbitrary infinite sequence of elements of GL,(F).

Game over? No.



Isocrystals

Fix a finite field Fy of characteristic p,
[Fy-algebra structures on K and F.

Ek,F = (limp>o K ®F, O /mi) ®o, F
F=Fi(2) — Exr = K(2)

Endomorphism o: £k F — Ek F induced by the g-Frobenius of K.

Definition

An Ek p-isocrystal is
@ a finitely generated free £k F-module M

@ equipped with an isomorphism T,I\i/?I o*M = M.

Morphisms are o-equivariant morphisms of underlying modules.



Isocrystals and F-representations (1)

Tate module:

T(M) = (Ekser F ey M7, T:x®@m—o(x)® T,I\i,?(l ® m)

Definition
An isocrystal M is unit-root if dimg T(M) = ranke, M.

Theorem (Katz)
The functor M — T(M) is an equivalence of categories of

@ unit-root £ p-isocrystals,

@ F-representations of G.

Holds for every field K /IF;, not just a local one.



Isocrystals and F-representations (2)

&k £ = (limps0 Ok ©r, OF /m) @0, F
F =TFy(2) ~ &k r = Ok((2))

The functor M — T(Ek F Rgs . M) is an equivalence of cat-s of

. Jr .
@ unit-root SK,F—lsocrystals,

o unramified F-representations of G.




Isocrystals and F-representations (3)

EkF=K®ou Eg f

The functor M — Ex ®5}2 . M is fully faithful on unit-root

EP p-isocrystals.

Get a full subcategory of F-representations of G.

Proposition (M.)

For every
@ Anderson A-module E over Spec K,
@ prime p C A different from the residual characteristic of E

the Tate module V,E arises from 8;% E

p # res.char.(E) ~ L #£p



z-adic monodromy

Upper index ramification filtration 1V, v € Qg
0+
I°* = closure of |, "

Conjecture (the z-adic monodromy theorem)

An F-representation p: G — GL(V/) arises from 8,’27,: if and only if
@ the restriction of p to an open subgroup of / is unipotent,
Q@ p(1V) = {1} for v > 0.

In the ¢-adic case: p(/1°F) is finite.
Property (1) holds for Anderson modules by Gardeyn's analytic
monodromy theorem.

Property (2) holds for Drinfeld modules.




z-adic monodromy

Under development:
@ analog of Weil-Deligne construction,
@ /-independence conjecture,

@ weight-monodromy conjecture.



z-adic monodromy

p: G — GL(V), an F-representation of G

Vo C V an unramified representation such that V//Vj is also
unramified. This holds for Drinfeld modules.

z-adic monodromy theorem: p(/¥) = {1} for some v > 0.

@ JY, an abelian quotient of / depending only on v,

e JV is finitely generated over F,[[¢]] where 1 + ¢ acts as the
Frobenius

o Finite-dimensional F,((¢))-vector space
H = Hom,:(Vg, V/Vo)

@ pl|s is encoded by an F,[[¢]]-linear homomorphism

x:J'—H



